The production of Bc and B * c mesons at Z-factory (an e + e − collider running at energies around the Z pole) is calculated up-to the next-to-leading order (NLO) QCD corrections. The results show that the dependence of the total cross sections on the renormalization scale µ is suppressed by the corrections, and the NLO corrections enhance the total cross sections for Bc by 52% and for B * c by 33%, when the renormalization scale is taken at µ = 2m b . To observe the various behaviors of the production of the mesons Bc and B * c , such as the differential cross section vs. the out-going angle, the forward-backward asymmetry and the distribution vs. the energy fraction z up-to QCD NLO accuracy as well as the relevant K-factor (NLO to LO) for the production are computed and it is pointed out that some of the observables obtained here may be used as specific precision test of the Standard Model.
I. INTRODUCTION
The meson B c (and its anti-particleB c ), being an explicitly heavy-flavored quark-antiquark ground boundstate, is unique in the Standard Model (SM). The two components inside it move non-relativistically due to heavy masses of its components, so the potential model can describe the spectrum of the binding system quite reliably [1] , and the nonrelativistic quantum chromodynamics effective theory (NRQCD) [2] may be adopted to compute its production, and with the effective theory for the weak interaction which is based on SM its decays may be computed [3] [4] [5] , thus it specially interests us, particularly, since it was observed by CDF collaboration firstly [6] .
Since the observations on the meson B c (and its antiparticleB c ) are available only at high energy hadronic colliders so far, so the theoretical and experimental studies of the B c production mostly focus on its hadronic production [4, 5] . According to QCD factorization theorem the hadronic production of a hadron, e.g. B c meson, always is through the collision of the partons inside the colliding hadrons stochastically, while the momentum fraction of the colliding hadron, carried by the colliding partons, is determined by the parton distribution function (PDF) of the colliding hadron, so the total colliding energy and the moving in longitudinal direction of the center-of-mass system (C.M.S.) of the colliding partons cannot be controlled, thus only the perpendicular * e-mail:zhengxc@itp.ac.cn † e-mail:zhangzx@itp.ac.cn ‡ email:fengtf@hbu.edu.cn § e-mail:panzan@itp.ac.cn components of the momenta of the products, which are measurable, have proper meaning in understanding the production. Namely to observe the production through hadron collision can acquire quite restrictive knowledge about the production.
In contrary, for the production of the meson B c (and its anti-particleB c ) via e + e − collisions, the C.M.S. of the 'subprocess' precisely is of e + + e − collisions, so the observables, such as all components of the momenta of the products, the angle distributions and the 'forwardbackward asymmetry' of the concerned product to the direction of the colliding e + or e − etc, have proper meaning in studying the production, even may be used to test of the Standard Model, thus to study B c meson production at an e + e − collider is very important and interesting. Especially the collisions happen to take place at a Z-factory (e + e − colliders running at energies around the Z pole), the production will be enhanced greatly by the resonance effect. Now several suggestions on Z-factories, e + e − facilities run at energies around the Z pole with much higher luminosity than that of LEP-I, e.g. ILC, CEPC and FCC-ee, are proposed, thus at a modernized Z-factory with very very high luminosity the production must achieve a lot of new knowledge, although the B c meson production at LEP-I (an old Z-factory) is too small to be observed [7, 8] . Indeed concerning the possible Z-factory being under consideration, in Ref. [9] the production of doubly heavy flavored hadrons (B c meson and baryons Ξ cc , Ξ bc , Ξ bb etc and their excited states as well as their antiparticle) via e + e − collision at the energy around the Z pole is re-studied but only under the approach of complete QCD at the leading order (LO) and the fragmentation approach at the leading logarithm order (LL) thoroughly. In Ref. [9] it is found that the LO results have quite remarkable dependence on the renormalization scale, although certain interesting results, such as the precise asymmetries in forwardbackward and lefthand-righthand in B c (B * c ) production, are obtained. In order to have more precise theoretical prediction and to suppress the dependence on the renormalization scale, it certainly is requested to carry out the computations on the B c , (B * c ) meson production at a Zfactory up-to the QCD NLO accuracy. Thus we devote ourselves to doing it here.
Since B c and its excited states such as B * c , B * * c · · · carry two heavy-flavors explicitly, so the excited states B * c , , B * * c · · · will decay (or cascade-decay) to the ground state, B c , through strong or electromagnetic interaction with almost 100% probability, thus as Ref. [9] , here the production of the excited state B * c ( 3 S 1 , J P = 1 − ), the lowest excited state of B c , is also computed up-to QCD NLO.
According to NRQCD [2] , the production of B c (B * c ) meson by electron-positron collision can be factorized into two factors at a specific energy µ F in QCD perturbative region: one is the electron-positron production of the 'free' c ,b quark pair inclusively in short distance, which can be calculated by perturbative QCD (pQCD), and the other one is to depict how the produced c and b quarks to form the meson B c (B * c ), which is nonperturbative but can be achieved phenomenologically or via potential model (the wave function at origin) etc. Here setting the factorization energy scale µ F is equal to the renormalization one µ R , for the former factor we compute the production up-to next leading order (NLO) QCD corrections, and for the later factor we consider the leading order in relative velocity v between the two heavy quarks inside the meson B c (B * c ) only. For convenience, later on we denote µ ≡ µ F = µ R throughout the paper.
The paper is organised as follows: Following the Introduction, in Section II, we briefly recall the useful formulas to the LO accuracy. In Section III, we present the approaches to compute the NLO corrections of QCD for the B c (and B * c ) meson production at a Z-factory. In Section IV, with the necessary parameters being given, the numerical results are presented. Section V is devoted to discussions and summary. In Appendix-A, it is shown how the relevant width of the production of B c meson and B * c meson by Z decay are derived from the total cross sections of the production at a Z-factory and in Appendix-B precise comparisons between the relevant widths derived from the total cross sections of the production at a Zfactory computed here and directly computed from the Z decay, which appear in literature.
II. THE CROSS SECTION UP-TO LEADING ORDER (LO)
There are four Feynman diagrams for the B c and B * c production at LO accuracy, only two of them are presented in Fig.1 , but the other two can be obtained by interchanging the b−quark and c−quark lines in Fig.1 . Note that in the present paper the studies focus on the production from QCD LO accuracy up-to QCD NLO accuracy, but merely when the e + +e − collider runs around the Z pole. Thus the contributions corresponding to the Feynman diagrams with Z-boson mediation are dominant and we will compute them carefully, but those corresponding to the Feynman diagrams with γ mediation are approximately ignored 1 . Under the approximation the computations for QCD LO and QCD NLO are simplified quite a lot, and at the end of Section IV we also estimate how well the approximation is by taking into account the contributions from the Feynman diagrams with γ mediation, i.e. those from the γ mediation itself being squared and those corresponding to the interference of the γ mediation and Z-boson mediation.
The cross section to QCD LO can be formulated as:
where 1 2s is the flux factor; means that the spins and the colors in the initial and final states are summed over; 1/4 comes from the spin average of the initial e + e − ; dΦ 3 denotes the three-body phase space for the final states and M LO is the LO Feynman amplitude, which is the sum of four terms for the LO Feynman diagrams. The details about M LO can be found in Ref. [9] .
III. THE NLO QCD CORRECTIONS
The NLO QCD corrections for the process e To the QCD NLO accuracy, the cross section is formulated as
Here 
A. The NLO QCD virtual correction
The virtual correction up-to QCD NLO is to consider the interference of the LO ones and those corresponding to the correction Feynman diagrams, i.e. Figs.2,3,4,5 and those with the c-quark and b-quark lines being interchanged. Thus the virtual correction to the cross section can be formulated as
There are ultraviolet (UV) and infrared (IR) divergences in the amplitudes corresponding to the correction Feynman diagrams. We adopt dimensional regularization with D = 4 − 2ǫ to isolate the UV and IR divergences. There are the Coulomb divergences in the conventional matching procedure, which should be absorbed into the binding potential for the two heavy quarks inside the B c and B * c . In the dimensional regularization, there is a simpler way to extract the NRQCD short-distance coefficients directly using the method of regions [10] , i.e., expanding the amplitudes with the relative momentum (q) of the constituent quarks before performing loop integration, and in the lowest non-relativistic approximation for the S-wave states of the binding system cb, only the terms with q = 0 are taken. Thus we don't confront the contributions from the low energy regions such as those from the potential region.
In dimensional regularization, γ 5 should be treated carefully. We adopt the reading point prescription [11] . It has the following rules,
• The anticommutation relation {γ 5 , γ µ } = 0 is valid. Thus after applying the anticommutation relation and γ 2 5 = 1, there is one or no γ 5 in each Dirac trace.
• Cyclic manipulation in the Dirac traces is prevented. When considering the contributions from several diagrams, for all of them the traces in the amplitude (or resulting from squared fermionic amplitudes) must be read with starting from the same vertex respectively.
• The relevant axial current anomalies would be obtained and the conservation for vector currents is guaranteed by starting all the traces with the axial vector vertex.
Here the UV divergences come from self-energy, vertex and triangle diagrams only 2 , which are canceled by the counterterms through renormalization, and here the renormalization scheme is that the renormalization constants Z 2 , Z m , and Z 3 , which correspond to the renormalization of quark field, quark mass and gluon field, are determined by the renormalization of the on-mass-shell scheme (OS), whereas Z g relating to the strong coupling constant α s is determined by the renormalization of the modified-minimal-subtraction scheme (M S). Then with the renormalization, we have:
where m appearing in δZ 
mass m b or m c accordingly, µ is the energy where the renormalization is carried out, and γ E is Euler's constant. . Because there is no external gluon line at LO level, δZ 3 is canceled at NLO total amplitude level, so the final results are independent of the renormalization scheme of the gluon field.
The IR divergences in the Feynman diagrams for the virtual correction can be well analyzed [12, 13] . For the concerned process, the IR divergences come from the vertex , box and pentagon diagrams. Of Fig.4 , only the amplitudes corresponding to diagrams Vertex-5 and Vertex-6 have IR divergences. Of Fig.5 , except Box-4, the rests have IR divergences. The other half of the Feynman diagrams, which are obtained from Figs.4∼5 by interchanging the c-quark and b-quark lines, have similar IR divergences. The IR divergences in the virtual correction will be canceled by the IR divergences from the counterterms and the real correction.
B. The real corrections to NLO
Note that here 'the NLO real correction' 3 for the concerned process e − + e + → B c (B * c ) + b +c means to take into account the full contributions from the process e − (q 1 )+e
In literature, sometimes 'the NLO real correction' contains only the contributions from the process e + e − → Bc(B * c ) + b +c + g with the gluon g so soft or collinear to merge into b orc jet.
an additional gluon in final state but covering whole possible phase space.
Half of the Feynman diagrams for the real correction are shown in Fig.6 and the other half can be obtained from Fig.6 through interchanging the c-quark and b-quark lines. The correction to the relevant cross section can be written as:
where M Real is the sum of 24 terms relating to the 24 Feynman diagrams for the real correction. |M Real | 2 can be formulated as
where i, j vary from 1 to 24 corresponding to the 24 real correction Feynman diagrams. There are IR divergences in the real correction, which are generated by the phase space integration, and they should be finally canceled by the IR divergences appearing in the virtual correction. It is easy to realize [14] that, the terms M * Real,i M Real,j are IR finite for the phase space integration unless M Real,i and M Real,j are the amplitudes corresponding to Feynman diagrams in which a real gluon is emitted from an external on-shell line, e.g., here the first 8 diagrams in Fig.6 . At this step, let us divide the cross section of the real correction into two parts as
where dσ 
where In order to extract the IR divergences in σ
IR
Real precisely so as to cancel the IR divergences in virtual correction precisely, we adopt the two-cutoff phase space slicing method [15] . By this method, the integration on the phase space is divided into two sectors through introducing a very soft cut δ s (≪ 1) on the energy of the emitting gluon (p 0 4 ). Then,
where dσ IR,hard Real
and dσ IR,soft Real
To calculate σ
IR,soft
Real , the eikonal approximation is adopted to deal with the amplitudes involved in M [15, 16] . Under this approximation, the amplitude corresponding to the Feynman diagram where a real gluon emitted from an external line can be factorized as a Born factor multiplying an eikonal factor, and it is easy to check that the eikonal factors relating to the diagrams Real-5 and Real-6 of Fig.6 are canceled by the eikonal factors relating to the diagrams Real-7 and Real-8 of Fig.6 respectively at the leading order approximation in relative velocity O(v 0 ). Thus at last under the eikonal approximation we obtain
Up-to corrections of O(δ s ), the phase space for the soft sector can be factorized as [15] 
where dΦ 3 denotes the element of the three-body phase space without emitting a gluon. Performing the integration over the momentum of the emitting gluon (p 4 ) in the soft sector, the differential cross section
is obtain [17] , where
here
and
It can be checked precisely that the 1/ǫ-terms in dσ 
α = α(m Z ) is the electromagnetic coupling constant at µ = m Z ; R S (0) is the radial wave function at the origin for B c (B * c ), which can be taken from the potential model [1] . We apply the two-loop formula for the strong coupling constant α s (µ): Note that in the calculations here, we use FeynArts [19] for generating Feynman diagrams and amplitudes, FeynCalc [20] and FeynCalcFormlink [21] for carrying out the trace of color and Dirac matrices; while Apart [22] and FIRE [23] for conducting partial fraction and integrationby-parts (IBP) reduction. All the one-loop integrals are reduced into master integrals and the master integrals are computed in terms of LoopTools [24] numerically. The final phase-space integrations are computed with the help of the soft-ware Vegas [25] .
The numerical results of the total cross sections at the colliding center-mass energy m Z as well as the socalled K-factor (QCD) for the productions e + e − → B c +b+c+X and e + e − → B * c +b+c+Xwith two different renormalization scales, µ = 2m b and µ = m Z /2, are put into the tables : TABLE I and TABLE II respectively , and the precise dependence of the cross sections on the renormalization scale µ for LO and NLO QCD is presented in Fig.7 . It is shown in Fig.7 that the cross section of the production e + e − → B c (B * c ) + b +c + X at the Z pole decreases by 46%(46%) at LO but by 34% (30%) at NLO when the renormalization scale µ changes from 2m b to m Z /2. Namely the dependence on renormalization scale µ is weaken a lot due to NLO correction. Whereas the dependence on the renormalization scale µ is still quite great for NLO, thus it seems that, to suppress the dependence on µ further, higher order corrections in QCD for the concerned production are requested. Moreover, we also with µ = 2m b calculate the differential cross sections dσ/d cos θ, dσ/dz and the relevant Kfactor as well. Here θ is the angle between the momenta of the electron in initial state and the meson B c (B * c ) in final state at center-of-mass system of the e + , e − collision and z is the 'energy-fraction' defined as 2k · p 1 /s (k is the momentum carried by Z boson).
The differential cross sections dσ/d cos θ for the production of B c (B * c ) meson with µ = 2m b to LO and NLO, and the K factor as well are put in TABLE III. The differential cross section dσ/d cos θ with renormalization scale µ = 2m b is presented in Fig.8 . It is shown by Fig.8 that due to the NLO QCD corrections the differential cross section dσ/d cos θ changes only within a common factor K presented in TABLE III.
From Fig.8 the asymmetry in dσ/d cos θ due to Zboson mediation at the levels of LO and NLO can be seen very clear, which varies with the values of the electroweak mixing angle sin 2 θ w for b and c quarks. When measuring the asymmetry and to suppress the experi- mental systematic errors, similar to what done by LEP-I and SLC [26] , one may introduce the forward-backward asymmetry A F B for the B c or B * c production as follows, although LEP-I and SLC is for measuring the forwardbackward asymmetry for heavy quarks and leptons and here is for measuring the forward-backward asymmetry for the B c (B * c ) production which relates to the electroweak mixing angle sin θ W for b and c quarks only:
where σ F denotes the cross section for θ ∈ (0, π/2) and σ B denotes the cross section for θ ∈ (π/2, π) thus we compute the forward-backward asymmetry A F B for the production of B c and B * c meson from LO to NLO: The forward-backward asymmetry A F B for the production of B c and B * c meson is about ten percent, that is easy to be seen experimentally.
The energy-fraction distributions of B c and B * c production, dσ dz , are also computed with µ = 2m b , and the precise values obtained for the distributions are put into TABLE IV and in Fig.9 for the relevant curves. One may see from TABLE IV that the K factors vary with the energy-fraction z quite a lot, and from Fig.9 that the maximum point of the z distributions is shifted to smaller z due to QCD NLO corrections. To be a reference and to see the variation of the total cross section at the collision energies around m Z peak (within 5 GeV region), we also compute the cross section to LO and NLO with µ = 2m b , and put the result in TABLE.V.
By the way, we should note here that for the production of B c and B * c by Z decay the relevant decay widths for Γ Z→Bc(B * c )+b+c+X can be easily 'read out' from the total cross sections of the production, σ(e + e − → B c (B * c ) + b +c + X), at the Z pole peak with the contributions for photon mediation being ignored. In the literature there are the relevant decay widths, Γ Z→Bc(B * c )+b+c+X , at LO and NLO [27, 28] , thus we have made precise comparisons of the widths read out from the total cross sections with those computed directly from the Z decay in literature. In Appendix-A, the way how to 'read out' the decay widths Γ Z→Bc(B * c )+b+c+X respectively from the total cross sections σ(e + + e − → B c (B * c ) + b +c + X) at the Z pole is presented, and in Appendix-B careful comparisons are made. The situation is that the induced NLO decay width Γ Z→Bc+b+c+X is bigger than that in Ref. [27] , but the induced NLO decay width Γ Z→B * c +b+c+X is consistent with that in Ref. [28] . In the above calculations the contributions from the photon mediation are ignored. In order to see the ignored contributions the squared Feynman diagrams which have a photon mediation instead of a Z-boson mediation and the interference of the Feynman diagrams with a Z-boson mediation and those with a photon mediation should be computed. The two components: the amplitude with a photon mediation squared and the interference of those with a Z-boson mediation and with a photon mediation, and put the results in TABLE VI. From the results TA-BLE VI one may see that the contributions from the ones with a photon propagator (those squared and the interference) around the Z pole resonance are very small in comparison with the contributions from those with a Z-boson propagator, thus it may be conclude that the approximation ignoring the contributions from the Feynman diagrams with a virtual γ is quite good, furthermore since the precise values on the contributions estimated to QCD LO accuracy in TABLE VI are so small, so it is reasonable to believe that the conclusion will be still valid even the estimate on the contributions up-to QCD NLO accuracy.
V. DISCUSSIONS AND CONCLUSION
We have calculated the NLO QCD corrections to the production of B c or B * c meson at e + e − colliders running near the Z pole. The results show that the NLO corrections are significant. The dependence on the renormalization scale µ for the cross sections at NLO level is suppressed in comparison with LO results. Precisely, the total cross section for the B c (B * c ) production at the Zpole peak decreases about 46% (46%) for LO, and about 34% (30%) for NLO when µ changes from 2m b to m Z /2 accordingly. Namely, the dependence of the cross sections on the renormalization scale µ up-to NLO correction is still not small, so it means that to suppress the µ dependence further higher order QCD corrections are requested.
According to the present NLO QCD calculations, the conclusion obtained by LO calculations keeps valid. Namely to study the production e + e − → B c (B * c ) + b + c + X experimentally in order to enhance the statistics of the relevant events the best energy region is around the Z pole peak for resonance enhancement and the collider still is requested to have so high luminosity i.e. higher than 10 35 cm −2 s −1 , because up-to QCD NLO accuracy the cross sections for the production do not change much, i.e. still are of the order O(pb).
The computations and analyses here on the total cross sections, the differential cross sections vs. angle, the forward-backward asymmetry and energy fraction distributions of the produced B c and B * c mesons show that the shape of the angle distributions, the forward-backward asymmetry, the K-factor from the NLO QCD accuracy to the LO QCD accuracy change slightly, but the distribution on the energy fraction z changes sizable i.e. the maximum is shifted to smaller energy fraction (see TA-BLE. III, Figs. 8 and 9) . Therefore, when experimentally the events have been collected numerously enough (it is accessible for a collider with so high luminosity as mentioned above), the characters in angle distributions and the forward-backward asymmetry etc for the production up-to NLO accuracy may be used not only to test of the theoretical predictions for the production but also as done by LEP-I and SLC to do the precision test of SM, e.g. to test the electro-weak mixing angle sin 2 θ w etc.
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where Γ Z is the total width of the boson Z, L µν is the leptonic tensor and
H µν is the hadronic tensor, which has been performed the phase space integration. H µν can only depend on k, and has following form
where H 1 (s) and H 2 (s) are scalar functions. Because there's no UV or IR divergence after considering the renormalization and the real correction, H 1 (s) and H 2 (s) are free of UV and IR divergences. Thus, all the derivations in the appendix are performed in 4-dimension. According to Eqs. (23), (24) and (26), we can obtain the cross section at the Z pole
here √ s = m Z . The decay width of the process Z → B c (B * c )+b+c+X is Γ = 1 3
where
then we obtain
According to Eqs. (27) and (30), we obtain the relation
Obviously from Eq. The derived width (in keV) for the decay Z → Bc + b +c + X from the total cross section for the relevant production e + + e − → Bc + b +c + X with the same input parameters as those in Ref. [27] . The values in the last column of the table are copied from Ref. [27] . Here for the derived NLO width, the statistical errors from the numerical integration on the phase space are also presented.
There are calculations on the decay width for Z → B c (B * c ) + b +c + X up-to NLO QCD in Refs. [27, 28] , so here we do the comparisons on the decay width of theirs and those derived from our calculations for the total cross section of the production e + + e − → B c (B * c ) + b +c + X in terms of the way in Appendix-A.
The two-cutoff phase space slicing method for the phase space integration by introducing δ s [12] is used as indicated by Eqs.(9,10,11) and δ s is fixed as 10 −6 finally according to the requirement for the method. So it would The derived width (in keV) for the decay Z → B * c + b +c + X from the total cross section for the relevant production e + + e − → B * c + b +c + X with the same input parameters as those in Ref. [28] , and the values in the last column of the table are copied from Ref. [28] . Here for the derived NLO width, the statistical errors from numerical phase space integration are also presented.
be better that the errors generated by the calculation are presented precisely for the comparisons. Moreover, in order to compare the results in Refs. [27, 28] with ours, we take the same parameters as those taken in Refs. [27, 28] and put the comparison results in TABLE VII and TA-BLE VIII.
From the tables, one may see that the results for NLO corrections of B c production in [27] are different from ours, but those for NLO corrections of B
